Abstract. We consider the question: What can be determined about the stiffness distribution in biological tissue from indirect measurements? This leads us to consider an inverse problem for the identification of coefficients in the second-order hyperbolic system that models the propagation of elastic waves. The measured data for our inverse problem is the time dependent interior vector displacement. In the isotropic case, we establish sufficient conditions for the unique identifiability of wave speeds and the simultaneous identifiability of both density and the Lamé parameters. In the anisotropic case, counterexamples are presented to exhibit the nonuniqueness and to show the structure of the set of shear tensors corresponding to the same given data.
Introduction
Elastography is a proposed imaging technique for human tissue. The goal is to extend the doctor's palpation exam (see [8, 26] ), where fingers press against the skin to detect regions that are stiffer than normal tissue. To accomplish the goal three experiments have been proposed:
• Static experiment: the tissue is compressed; • Dynamic excitation: a time harmonic excitation made on the boundary creates a time harmonic wave in the tissue; • Transient elastography: a time dependent pulse on the boundary creates a propagating wave in the tissue.
In each of these cases the interior displacement is measured on a fine grid of points using ultrasound [5, 7, 19, 25, 27] or magnetic resonance imaging [4, 16, 18] . The elastography problem then is to construct high resolution images of tissue stiffness characteristics from the measured displacement. This high resolution is expected for two reasons: (1) one is that interior measurements are used instead of boundary measurements; and (2) the shear wave speed can be substantially more than double in abnormal stiff tissue. Some elegant reconstruction algorithms for transient elastography have also been proposed, among which we refer to [14, 23] . The former is based on the asymptotic expansion of geometric optics, and the latter is based on using propagating fronts to recover wave speeds. The purpose of this paper is to focus on unique identifiability for the transient elastography experiment.
In this experiment the time and space dependent propagating wave has amplitudes on the order of microns [5, 25, 27] . Since stiffness is an elastic property and the wave amplitudes are small, the displacement satisfies the linear equations of elasticity. In this initial paper we also assume that the medium is isotropic. In this case then the relevant elastic properties are the density, ρ, the Lamé parameters, λ and µ, or the compression and shear waves speeds, (λ + 2µ)/ρ and µ/ρ respectively. Furthermore in soft tissue the compression wave speed is approximately 1500 meters/sec while the shear wave speed in normal tissue is 1-3 meters/sec. This large difference means that the compression wave has a very long wavelength with a much shorter shear wave length in low frequency excitation experiments [5, 25] . This difference is used to argue that experiments can be designed where the shear wave displacement in the axial direction (normal to the tissue boundary) can be isolated and that an approximate mathematical model for this displacement is a scalar wave equation with stiffness coefficient, µ, density, ρ, and wave speed µ/ρ. For this reason we consider both the scalar wave equation model and the linear equations of elasticity. In all cases we will assume that the medium begins at rest and that a displacement or a traction force on the boundary of the tissue initiates a wave that propagates into the tissue. A fundamental idea used in our analysis is that the wave has a propagating front.
Our uniqueness results are for the inverse problem: find elastic parameters from a single interior time dependent scalar or vector displacement measurement. We will establish a series of uniqueness results for the elastic parameters in the region where the wave has propagated, that is in the region where the solution is nonzero for some time during the measurement period. More specifically two of our culminating results are:
1. that there is at most one pair (ρ, µ) corresponding to a time dependent solution of the scalar wave equation when µ is either given on the boundary or is determined from the boundary traction force; 2. that there is at most one pair (ρ, µ) corresponding to a time dependent vector solution of the linear equations of elasticity when λ/ρ is given throughout the tissue and λ is either given on the boundary or determined by the boundary traction force.
In addition, we give examples to show that a single interior displacement data is not enough to establish a uniqueness theorem for the parameters in a general anisotropic medium.
To put our results in perspective, we describe some related results, referring to [10, 11, 12, 21, 22, 24] : Imanuvilov and Yamamoto investigated, for the scalar wave equation, the identification problem of lower-order coefficients (usually referred to as potentials) [10] , and more recently, [11] , they established the uniqueness and the stability for the identification of µ using a Carleman estimate assuming ρ ≡ 1. But they needed an a priori assumption for µ and a special type of initial condition which could be difficult to control in the transient elastography experiments. Rachele established the unique identifiability of wave speeds [21] and the density [22] from the knowledge of the Dirichlet-to-Neumann map on the boundary for the linear equations of elasticity under the assumption that there are no caustics. Richter [24] showed the unique identifiability of µ in a steady state single elliptic equation ∇µ·∇u+µ∆u = q for a known q and with the measured data u given. However, in his approach he required a priori assumptions on the knowledge of µ on the inflow portion of the boundary and inf x∈Ω max{|∇u(x)|, ∆u(x)} > 0 that is generally not true in the problem we investigate. See also Knowles [12] for an extension of Richter's assumptions and argument for the determination of parameters in the aquifer identification problem.
Our paper is organized as follows. In section 2, the mathematical models of the forward problem are discussed. In section 3, using the propagating front we establish the shrink and spread argument, which says that the solution starting out as zero in a region and satisfying both the finite propagation speed (hyperbolic property) and the unique continuation (elliptic property) at each time slice in that region must be identically zero for all time. This property is a basic ingredient in our uniqueness proofs. In section 4, we establish the unique identifiability of wave speeds in isotropic media for both scalar and vector displacement cases. In section 5, the simultaneous identifiability are investigated both for the Dirichlet and the Neumann cases. For the Dirichlet case, an a priori specification of a certain elastic parameter on the boundary is required. In addition, in this section we present counterexamples that exhibit this boundary specification cannot be removed. In section 6, anisotropic media are considered. We present counterexamples that show the unique identification of any elastic parameters (even wave speeds) is impossible in general anisotropic media. And the nonuniqueness structure is also clarified.
Mathematical Model
Our forward problem is described by the following hyperbolic initial-boundary value problems which model the wave propagation in an elastic body. Throughout this paper, let Ω ⊂ R n (n = 2, 3) be an open connected C 2 domain and T > 0 be fixed.
Scalar shear displacement case
Assume that the density ρ ∈ C 0 (Ω) and the shear modulus µ ∈ C 1 (Ω) satisfy ρ(x), µ(x) ≥ α 0 > 0. Assume also that a scalar shear displacement u in an isotropic medium is governed by the following initial-boundary value problem
where the medium is initially at rest satisfying the homogeneous initial condition u(x, 0) = u t (x, 0) = 0 on Ω and one of the following boundary conditions
where ν is the outward normal to ∂Ω and x is a point in R n (n = 2, 3). It is well-known (see [15, 17] ) that there exists a unique solution u ∈ H 2 (Ω × (0, T )) if the Dirichlet boundary condition f ∈ H 5/2 (∂Ω×(0, T )) satisfies some compatibility conditions such as f (·, 0) = f t (·, 0) = 0. For the Neumann case, g ∈ H 3/2 (∂Ω × (0, T )) is required. In anisotropic medium that will be considered in section 6, the shear modulus µ in (2.1) and (2.2) must be substituted by the symmetric positive-definite shear tensor 
Vector displacement case in isotropic media
Assume that the density ρ ∈ C 1 (Ω) and the Lamé parameters µ, λ ∈ C 2 (Ω) satisfy ρ(x), µ(x), λ(x) ≥ α 0 > 0. Then the vector elastic displacement u in an isotropic medium is governed by the following initial-boundary value problem
where again we assume the medium is initially at rest satisfying the homogeneous initial condition u(x, 0) = u t (x, 0) = 0 on Ω. We assume also that one of the following boundary conditions
where ν is the outward normal to ∂Ω, (·)
T denotes the transpose of matrices and I is the identity matrix, is satisfied. Here ∇· represents the divergence of vectors and the matrices according to the context, which will be rigorously defined in section 3.
Our inverse problem is to identify the elastic parameters ρ, µ, λ or some combination of them such as the shear wave speed c s := µ/ρ and/or the compression wave speed c p := (λ + 2µ)/ρ from a single time dependent interior displacement u| Ω×(0,T ) in the scalar case or u| Ω×(0,T ) in the vector case (See Figure 1 for the illustration).
Shrink and Spread Argument
In this section, we develop the shrink and spread argument which is a main tool for the proof of the unique identifiability in our inverse problem. Roughly speaking, this argument says that, in a given subregion, the solution that: (1) satisfies both hyperbolic and elliptic equations; and (2) is zero in that subregion for some time t = t 0 ; must vanish in that region for all t ≥ t 0 . We begin with some basic definitions. 
where (·) T and tr(·) denote the transpose and the trace of matrices, respectively.
For completeness and easy referral we give the following identities. For any function ψ, vector u = (u 1 , u 2 , u 3 )
T and 3 × 3 matrix A which are all sufficiently smooth, we have the following:
where ∇ u denotes the Jacobian matrix of u and ∆ u = ∇ · ∇ u is the Laplacian of u.
One of the most important properties of a solution of a hyperbolic equation is that it has a finite propagation speed. An important property of a solution of an elliptic equation is the unique continuation principle. Both of these ideas will be important in our uniqueness proofs. Here we give a rigorous definition of these two notions.
In subsection 3.3, an important ingredient in the proofs will be that these two properties hold simultaneously.
Finite propagation speed
Since the displacement u or u is a solution of the hyperbolic equation (2.1) or (2.3), the propagation speed must be finite as shown in the following two theorems.
n be a solution of the hyperbolic system
Then for any open ball B (x 0 ) ⊂ Ω, u has a finite propagation speed in B (x 0 ) × (0, T ) with the maximum speed c = sup x∈B (x0) (λ(x) + 2µ(x))/ρ(x).
Proof. Fix any t 0 ∈ [0, T ) and assume that
We must show that u = 0 a.e. in 0<s< /c C s where
represent the elastic energy contained in C s . We will show that e(s) = 0 for all
Taking the inner product of (3.2) with u t and integrating in Λ(s), using the first identity in (3.1) we get
where
Thus we have
Applying space-time divergence theorem, we have
is the space-time boundary of Λ(s), dS x,t is the space-time boundary element, and (ν x , ν t ) is the space-time outward normal to ∂Λ(s). Since (ν x , ν t ) is explicitly given by
We know that e(s) ≥ 0 and e(0) = 0. Our intermediate goal is then to show that the right hand side of (3.7) is not positive implying that e(s) ≡ 0. To do this we first use the Cauchy-Schwarz inequality and the fact that c ≥ (λ + 2µ)/ρ. Then the integrand of the right hand side of (3.7) is greater than or equal to
Thus we have 0 ≤ e(s) ≤ e(0) = 0 implying e(s) = 0 for all s ∈ (0, /c).
Finally we use a standard argument to show that u = 0 a.e.. With the lower bound α 0 for ρ, µ, and λ, we get the following L 2 -estimate for u t in the cone
The homogeneous initial condition (3.3) then implies u(x, t) = 0 a.e. in Λ( /c), which completes the proof.
For the scalar shear displacement u, we also have a finite propagation speed. Since the proof is parallel to Theorem 3.3, we give only the outline of the proof.
Analogously as in the proof of Theorem 3.3, taking the inner product of (3.8) with u t and integrating in Λ(s), we get
To show that e(s) = 0 and then that u = 0 a.e. we again apply the space-time divergence theorem. Using the explicit form (3.6) of the outward normal, we have
Since √ µ/c ≤ √ ρ, the integrand of (3.10) is greater than or equal to
Thus we have 0 ≤ e(s) ≤ e(0) = 0 for all s ∈ (0, /c). Hence it follows immediately as in the proof of Theorem 3.3 that u(x, t) = 0 a.e. in Λ( /c).
Unique continuation principle
It is well-known that an elliptic system with the same principal part has a unique continuation principle. For completeness we state this in following lemma. It is easily proved by a standard Carleman estimate [9, 20] as in the single elliptic equation case.
in the distributional sense, where the lower-order operators B and V are given by
with coefficients a
In order to prove the unique identifiability of elastic properties in our inverse problem, it is natural to begin by supposing that our solution u solves two elastic systems (2.3) each with distinct coefficients. Under this assumption we can show by subtracting that u satisfies a system of differential equations without a u tt term. This is shown in the the following lemma.
T so that all the above quantities are meaningful.
Proof. From (3.12), using the fact that ∇ · ∇ u T = ∇v we easily get
Taking divergence of (3.16) and using the first and last identities in (3.1), we have
Taking curl to (3.16) and using the identities (3.1), we have
Subtracting indexed equations in (3.16)-(3.18), respectively, (3.13)-(3.15) are easily obtained.
If the leading coefficients µ/ρ and λ + 2µ/ρ in (3.13)-(3.15) are both away from zero, then we can establish a unique continuation principle as done in [1, 2, 6] .
Then in any open subset
Hence Lemma 3.5 completes the proof.
Shrink and spread argument
Now we are in a position to state the shrink and spread argument. As illustrated in Figure 2 , in any region where a solution (1) has a homogeneous initial condition; (2) has a finite propagation speed; and (3) also satisfies a unique continuation principle; should vanish for all time.
Assume that U satisfies the following assumptions:
(a) U has a homogeneous initial condition in the sense of trace on B (x 0 ) × {t = 0}: (c) For
Proof. By (a) and (b), we get
Then using (c),
as an initial condition, and (c) again, we get U = 0 in B (x 0 ) × (0,
2c
). Iterating such procedures, we finally obtain U ≡ 0 in B (x 0 ) × (0, T ).
Uniqueness of Wave Speeds in Isotropic Media
In this section we give our first set of uniqueness results for identifying wave speeds from interior displacement data. We begin with the scalar shear displacement case and show that the shear wave speed c s = µ/ρ is uniquely identified from the interior displacement in any subregion where u = 0 for some time t ∈ (0, T ). The proof is based on our shrink and spread argument.
with the homogeneous initial condition
and satisfying either the same Dirichlet boundary condition 3) or the same Neumann boundary condition
where ν is the outward normal to ∂Ω. Then we have
Remark. Intuitively, Ω E is the subset of Ω where the wave has not yet travelled during the time (0, T ). See Remark 4.5 for more details.
Proof. Let Ω be expressed by the union of disjoint subsets Ω = Ω 0 ∪ Ω + ∪ Ω − where
We will show that Ω 
By Theorem 3.4, u already has a finite propagation speed in B (x 0 ) × (0, T ) with the maximum speed c = sup x∈B (x0) µ 1 (x)/ρ 1 (x). Multiplying (4.1) by 1/ρ j and subtracting one from the other, we get that the trace u(·, t 0 ) for any t 0 ∈ (0, T ) solves the following elliptic equation
From the Sobolev theory we get that u(·, t 0 ) ∈ H 3/2 (B (x 0 )) ⊂ H 1 (B (x 0 )) for any fixed t 0 ∈ (0, T ). In addition, the smoothness assumptions on ρ j and µ j imply that all the coefficients in the above equation are in L ∞ (B (x 0 )). Thus by Lemma 3.5, u(·, t 0 ) has a unique continuation principle in B (x 0 ) for any t 0 ∈ (0, T ). Finally, by Theorem 3.8 using the homogeneous initial condition (4.2) we have
, which completes the proof.
Now assume that the measured data is the vector displacement that satisfies the system of the linear equations of elasticity. If λ/ρ is also given, then as in the scalar shear displacement case, the shear wave speed c s = µ/ρ is uniquely identified from the interior displacement u| Ω×(0,T ) in any subregion where u = 0 for some time t ∈ (0, T ). Since the proof is parallel to that of Theorem 4.1, only the outline is presented.
Theorem 4.2 Assume that
n be a common solution for j = 1, 2 to the hyperbolic equations
7)
and satisfying either the same Dirichlet boundary condition
or the same Neumann boundary condition
where ν is the outward normal to ∂Ω. If λ 1 /ρ 1 = λ 2 /ρ 2 in Ω, then we have
Proof. Using the same arguments in the proof of Theorem 4.1, it suffices to show that for any open ball B (
} on which (4.5) is satisfied, u has a finite propagation speed in B (x 0 )×(0, T ) and u(·, t 0 ) has a unique continuation principle in B (x 0 ) for any t 0 ∈ (0, T ). Then we can apply Theorem 3.8 with the homogeneous initial condition (4.7) to obtain u ≡ 0 in B (x 0 ) × (0, T ), implying x 0 ∈ B (x 0 ) ⊂ Ω E , which will complete the proof.
By Theorem 3.3, u already has a finite propagation speed in B (x 0 ) × (0, T ) with the maximum speed c = sup x∈B (x 0 ) (λ 1 (x) + 2µ 1 (x))/ρ 1 (x). From (4.5) and the fact that λ 1 /ρ 1 = λ 2 /ρ 2 , we have (λ + 2µ)/ρ = 2 µ/ρ ≥ 2α 1 > 0 in B (x 0 ), where again F := F 1 − F 2 for any indexed quantity F j . Therefore applying Theorem 3.7, u(·, t 0 ) has a unique continuation principle in B (x 0 ) for any t 0 ∈ (0, T ), which completes the proof.
In our application of interest, we are primarily interested in shear wave properties. Nevertheless we give hypotheses and uniqueness results that identify the compression wave speed. If the shear modulus µ is given and the Neumann boundary condition is specified (or λ is specified on the boundary with the Dirichlet boundary condition, see Corollary 4.4), then the compression wave speed c p = (λ + 2µ)/ρ is uniquely identified in any subregion where ∇ · u = 0 for some time t ∈ (0, T ). Note that the proof is essentially different from the previous ones.
Theorem 4.3 Assume that
the Neumann-type initial-boundary value problem (4.6), (4.7) and (4.9) for j = 1, 2.
Remark. Intuitively, Ω D is the subset of Ω where the compression wave has not yet travelled during the time (0, T ). See Remark 4.5 for more details.
Proof. Let Ω cp =0 := {x ∈ Ω : (λ 1 + 2µ 1 )(x)/ρ 1 (x) = (λ 2 + 2µ 2 )(x)/ρ 2 (x)}, and
Here again F := F 1 − F 2 for any indexed quantity F j . It suffices to show that 
since this implies
This will complete the proof.
Before proceeding further, we point out a useful observation such that
which is easily verified by our shrink and spread argument in the following way: For 
To complete the proof, it suffices to establish the same identity as in (4.12) for Ω In the case when Ω int ρ =0 = ∅, by subtracting one from the other in (4.6), we get
where C B is independent of spatial variable x. Now we derive the boundary condition for (4.13), see Figure 3 for a typical configuration of B. We consider first the points in ∂B ∩ ∂Ω. Subtracting one from the other in the Neumann boundary condition (4.9), we get
Now consider the points of ∂B contained in Ω. Since ρ 1 = ρ 2 in ∂B, the coefficient of (4.12) is equal to (λ 1 − λ 2 )/ρ 1 on ∂B ∩ ∂Ω ρ =0 . Hence from (4.12) we have
, from (4.14) and (4.15) we have
From (4.13) and (4.16) we obtain (
Combining (4.12) and (4.17), we get (4.10) and this completes the proof.
If we specify the Dirichlet boundary condition (4.8) instead of the Neumann boundary condition (4.9) in Theorem 4.3, then a priori knowledge of λ on the boundary is required to obtain the same result. Because in the proof of Theorem 4.3 the Neumann boundary condition (4.9) is used only to derive (4.14) which holds obviously when λ 1 = λ 2 on ∂Ω, we get the following corollary. .9) is substituted by the Dirichlet boundary condition (4.8) and, in addition, 
Corollary 4.4 Under the same hypotheses
(µ 1 = µ 2 in Ω) in Theorem 4.3, if (4λ 1 = λ 2 on ∂Ω is assumed, we have (λ 1 + 2µ 1 )/ρ 1 = (λ 2 + 2µ 2 )/ρ 2 in Ω \ Ω D .
Simultaneous Identification in Isotropic Media
In the previous section, we showed the unique identifiability of the shear wave speed c s = µ/ρ or the compression wave speed c p = (λ + 2µ)/ρ under suitable assumptions. In fact, the two elastic parameters ρ and λ are uniquely identified under the same hypotheses of Theorem 4.3. Moreover both ρ and µ are uniquely identified if we add the assumption that we are given the Neumann boundary condition in Theorem 4.1 and Theorem 4.2. For the Dirichlet boundary condition, a priori knowledge of a certain elastic parameter on the boundary is required to guarantee similar simultaneous unique identification. Note that Barbone and Bamber [3] make a similar observation in the static elastography problem.
The Neumann case
If we specify the Neumann boundary condition (4.4) in Theorem 4.1, not only the shear wave speed c s = µ/ρ but also all the elastic parameters ρ and µ are uniquely identifiable. The proof is based on the unique identifiability of the shear wave speed, an energy estimate, and careful use of the divergence theorem. 
Proof. Since we already know that c
We will show that Ω
= Ω 0 , which will complete the proof.
As in the derivation of (3.9), we have
where F := F 1 − F 2 for any indexed quantity F j . Again using the homogeneous initial condition (4.2), we have
Applying the divergence theorem to the right hand side with the Neumann boundary condition µ ∇u · ν = 0 on ∂Ω × (0, T ) , we have
Note that the divergence theorem holds even though ∂Ω + might be irregular and nonrectifiable, since µ vanishes on that possibly irregular boundary ∂Ω + \ ∂Ω and ∂Ω is a C 2 boundary [13] . On the other hand, since
Since µ > 0 in Ω + , using our standard argument and the homogeneous initial condition (4.2), we obtain u = 0 a.e. in Ω + × (0, T ). Thus we have Ω + ⊂ Ω E . Similarly we have Ω − ⊂ Ω E , which completes the proof.
If we specify the Neumann boundary condition (4.9) in Theorem 4.2, both of the elastic parameters ρ and µ are uniquely identifiable. The proof is along the same line as that in Theorem 5.1.
Theorem 5.2 Under the same hypothesis on
n be a common solution to the Neumann-type initial-boundary value problem (4.6), (4.7) and (4.9) for j = 1, 2.
As in the derivation of (3.4), we have
where Σ :
Using the homogeneous initial condition (4.7), we have
From the fact that
Since ρ = 0 on the possibly irregular boundary ∂Ω + \ ∂Ω, we can apply the divergence theorem to the right hand side of (5.2), which is therefore equal to
Here we have used the fact that Σ T = Σ and Σ ν = 0 on ∂Ω × (0, T ) which is easily seen from the Neumann boundary condition (4.9). Again from (5.3) we have
Since ρ > 0 in Ω + , using our standard argument and the homogeneous initial condition (4.7), we obtain u = 0 a.e. in Ω + × (0, T ). Thus we have Ω + ⊂ Ω E . Similarly we have Ω − ⊂ Ω E , which completes the proof.
Although we concluded in Theorem 4.3 that the compression wave speed c p is uniquely identifiable, in fact both of the elastic parameters ρ and λ are uniquely identifiable. Since the proof is parallel to that of Theorem 5.2, only the outline is given.
Theorem 5.3
Under the same hypothesis on ρ j , µ j , and λ j in Theorem 4.3, let u ∈ H 2 (Ω × (0, T )) n be a common solution to the Neumann-type initial-boundary value problem (4.6), (4.7) and (4.9) for j = 1, 2. If µ 1 = µ 2 in Ω, then we have
Proof. Let Ω 0 := {x ∈ Ω : ρ 1 (x) = ρ 2 (x)} and Ω ± := {x ∈ Ω : ρ 1 (x) ≷ ρ 2 (x)} as in the previous proof. Since we already know by hypothesis that µ 1 = µ 2 in Ω and from Theorem 4.3 that c
(5.5) Using (5.5) instead of (5.3) in the proof of Theorem 5.2, we analogously obtain
where Ω E is defined in Theorem 5.2, we will instead show that ρ 1 = ρ 2 in Ω \ Ω E because that result follows naturally from our previous arguments: Since ρ > 0 in Ω + , using our standard argument and the homogeneous initial condition (4.7), we obtain u = 0 a.e. in Ω + × (0, T ). Thus we have
This completes the proof.
The Dirichlet case
Since the Neumann boundary condition is used only to derive (5.1), (5.4), and (5.6), the simultaneous unique identification still holds obviously under the Dirichlet boundary condition if a certain elastic parameter is specified on the boundary. The results are summarized as follows without proofs. 
In Corollary 5.6, λ must be specified on the boundary, while any one of elastic parameters may be specified in Corollary 5.4 and 5.5. That is because in this case (µ 1 = µ 2 in Ω), we required in Corollary 4.4 the specification of λ on the boundary under the Dirichlet boundary condition to obtain uniqueness of the compression wave speed, which is indispensable for our proof of the simultaneous unique identification.
It is natural to ask the question: In the Dirichlet case, is it possible to obtain the simultaneous unique identification without any additional assumptions? We will present counterexamples in case of the scalar shear displacement, that is, it is impossible to remove the additional assumption in Corollary 5.4.
Our counterexamples will be devised by traveling waves, hence we begin with the following lemma which shows a structure of traveling wave solutions. This lemma will also be used for making counterexamples for unique identifiability in anisotropic media.
then the traveling wave u(
with the homogeneous initial condition 9) and the Dirichlet boundary condition
Moreover, the Neumann boundary data is given by
where ν is the outward normal to ∂Ω andU represents the derivative of U .
Proof. Since ∇u = −U ∇ϕ and u tt =Ü whereÜ represents the derivative ofU , by (5.7) we get A concrete counterexample is presented in the following example.
R) satisfying U (s) = 0 for s < 0, and choose any ω ∈ C 1 (Ω) with ω(x) = ω(x) > 0 inΩ. Then the traveling wave solution u(x, t) = U (t − x n ) solves (5.8)-(5.10) for M = µI, µ = ω and ρ = ω, which is easily verified by checking (5.12). That is, any (ρ(x), µ(x)) = (ω(x), ω(x)) can be possible elastic parameters that assume the same shear displacement u(x, t) = U (t − x n ) in R n + satisfying the same Dirichlet boundary condition.
Nonuniqueness in Anisotropic Media
In the previous sections, we considered various sufficient conditions for the unique identifiability of wave speeds, the simultaneous unique identification of all the elastic parameters, and presented some counterexamples of simultaneous identification in isotropic media.
In anisotropic media, however, the shear tensor M (x) appearing in (5.8) may not be uniquely identified regardless of the type of specified boundary conditions, even though the density ρ is assumed to be known. Counterexamples will be constructed using traveling waves as in the previous section.
The simplest counterexample is analogous to Example 5.8: Let ϕ(x) = x n and Ω = R n + . Fix U ∈ C 2 (R) and ρ ∈ C 1 (Ω) satisfying U (s) = 0 for s < 0 and ρ(x) = ρ(x) > 0, and choose any
, which is easily verified by checking (5.7). Moreover, from (5.11) the Neumann boundary data
is independent of ω k . Hence, as long as ρ is fixed, any M = diag(ω 1 , ω 2 , · · · , ω n−1 , ρ) can be possible shear tensors that assume the same shear displacement u(x, t) = U (t − x n ) in R n + satisfying the same Dirichlet and Neumann boundary conditions. Now we will investigate the underlying structure between the wave front function ϕ and the corresponding possible shear tensors M . For simplicity, we restrict ourselves to the case that n = 2 and 0 < ρ ∈ C 1 (Ω) is assumed to be known.
Then the symmetric positive-definite matrix
10). In addition, the Neumann boundary condition
is independent of ω.
Proof. By Lemma 5.7, it suffices to check the condition (5.7). With respect to a new orthonormal coordinate system {ê 1 ,
by using transition matrix
Hence we have ∇ϕ · M ∇ϕ = |∇ϕ| 2 (ê 1 · Mê 1 ) = ρ. From the fact that ∇ · (∇ ⊥ ϕ) = 0 and the first assumption in (6.1), we have
Thus (5.7) is verified. The symmetric positive definiteness of M is immediately observed by the representation (6.3) and the second assumption in (6.1).
Theorem 6.1 furnishes many counterexamples both under the Dirichlet and the Neumann boundary conditions: If we fix η, and choose any ω > η 2 |∇ϕ| 2 /ρ, we can construct many distinct anisotropic shear tensor M which assume the same shear displacement data u| Ω×(0,T ) satisfying the same Neumann boundary condition. For the Dirichlet boundary condition, we need not even fix η. We conclude this paper by giving some concrete counterexamples with various wave front functions ϕ. In the following examples, ρ is always assumed to be 1 for simplicity. Hence we can take ω = 
